For nonuniform exponentially bounded evolution families defined on Banach spaces, we introduce a class of Banach function spaces, whose norms are uniquely determined by the nonuniform behavior of the corresponding evolution family. We generalize the classical theorem of Datko on these spaces.
Introduction
A notable result in the stability theory of ODEs lies in Datko's theorem. In order to extend a classical theorem of A.M. Lyapunov to strongly continuous semigroups of operators in Hilbert spaces, R. Datko proved that if {T (t)} t≥0 is a C 0 -semigroup on a complex Hilbert space X such that ∞ 0 T (t)x 2 dt < ∞ for some x ∈ X, then lim t→∞ T (t)x = 0 (Lemma 3 in [5] ). Recall that a family of bounded linear operators {T (t)} t≥0 acting on X is a C 0 -semigroup if Later, using distinct techniques, A. Pazy proved that if for some p ∈ [1, ∞), the integral ∞ 0 T (t)x p dt is finite for every x ∈ X, then {T (t)} t≥0 is uniform exponentially stable, i.e. there exist M, α > 0 such that T (t) ≤ M e −αt , t ≥ 0 (see [13] and [14, Theorem 4.1, pp. 116] ). In 1972, R. Datko generalized this result for evolution families on Banach spaces [6] . In fact, it is shown that a uniform exponentially bounded evolution family {U (t, s)} t≥s≥0 on a Banach space X is uniform exponentially stable if and only if there exists p ∈ [1, ∞) such that
A. Ichikawa obtained in [8] a Datko-type theorem for families of nonlinear operators U (t, s) : X s → X t , t ≥ s ≥ 0, that satisfy:
In fact, Ichikawa proved that if there exists a continuous function g :
Using distinct techniques, this result has been generalized for weak exponential stability in [10] . An interesting Datko-type theorem was obtained by P. Preda and M. Megan for uniform exponential dichotomy [15] . Some nonlinear versions have been considered by B. Sasu and A.L. Sasu for both exponential dichotomy [18] and exponential trichotomy [19] .
It is worth to mention that the claim in Datko's theorem can be obtained as a consequence of some results in the evolution semigroup theory (ex. [4, Theorem 3 .23, pp. 74-75]).
While in the Datko-type theorems the integral is taken according to the first variable, in a similar result due to Barbashin the integral is taken with respect to the second variable. Recently, P.V. Hai unified the discrete-time versions of the Datko's theorem and the Barbashin-type theorem [7] .
The theory of uniform behavior for evolution equations is too restrictive; for instance one may consider examples of equations without bounded growth, having all the solutions asymptotically stable. In the last decade the research in the field of ODEs developed in a more general direction, which is the nonuniform behavior. We need to mention here the consistent contribution due to L. Barreira and C. Valls [2] . A major motivation for considering a nonuniform behavior lies in the ergodic theory. C. Buşe extended Datko's theorem to nonuniform exponential stability, restricting his analysis to uniform exponentially bounded evolution families [3] . Some of the most relevant generalizations of Datko's theorem in the case of nonuniform behavior can be found in works as [1, 9, 16, 17] .
The aim of the present paper is to give necessary and sufficient conditions for the existence of nonuniform exponential stability of evolution families in the spirit of Datko's results. In this regard, we introduce a class of Banach function spaces for evolution families with nonuniform bounded growth. We generalize the classical theorem of Datko on these spaces. Our results extend conclusions in some previous works, also referring to new situations.
Preliminaries
Let X be a Banach space, and L(X) be the Banach algebra of all bounded linear operators on X. In our paper we also make use of the following notations: C(R + , X) denotes the space of all continuous functions u : R + → X, C b (R + , X) is the subspace of the bounded maps in C(R + , X), and C c (R + , X) is the set of the maps in C(R + , X) with compact support.
The notion of evolution family naturally extends the classical Cauchy operator of ODEs:
The study of evolution families arose naturally from the theory of well-possed evolution equations. Recall that the linear equation dx/dt = A(t)x, with bounded or unbounded linear operator A(t), is called well-posed if the existence, uniqueness and continuous dependence of solutions on the initial data is guaranteed. In [12] it is shown that well-posedness is equivalent to the existence of an evolution family
In this paper we will always assume that an evolution family U = {U (t, s)} t≥s≥0 is given. (1) is called an admissible exponent for the evolution family U, and A(U) denotes the set of all admissible exponents. If A(U) = ∅, then the evolution family U is said to be nonuniform exponentially bounded, and if A(U) contains negative admissible exponents, U is called nonuniform exponentially stable. In the above terminology, whenever there exists a bounded function M (s) satisfying (1) (which is equivalent to the existence of a constant one), we just replace the term "nonuniform" with "uniform".
The following result is detailed in [11] : Remark 2.3. Assume that the evolution family U is reversible. If the Lyapunov exponent
Throughout our paper we assume that
Let us notice that
The following result is partially proved in [11] , and assures the existence of the integrals in the next section. For the sake of completeness and also for a better understanding, we prefer exposing its complete proof.
Choose t ≥ 0 with |t − t 0 | < δ. We treat cases t ≥ t 0 and t < t 0 separately.
If t ≥ t 0 , then for any τ ≥ t one has
Thus, taking the supremum with respect to τ ≥ t we get
If t < t 0 , then for every τ ≥ t 0 we estimate
One the other hand, if t ≤ τ < t 0 one gets
which leads to ϕ α (t, u) − ϕ α (t 0 , u) < ε, that completes the proof.
For each α ∈ A (U) we set
It is easy to show that C α is a Banach space equipped with the norm
From inequality (2) we deduce inclusions C c (R + , X) ⊂ C α ⊂ C b (R + , X).
Remark 2.5. If α ∈ A(U) and β ≥ α, then β ∈ A(U) and C α ⊂ C β .
Example 2.6. For the evolution family
Proof. Let us notice that
then E ε (t, s) = −t cos 2 t + s cos 2 s + ε(t − s). Since E ε (nπ + π/2, π/2) = nπε → ∞ as n → ∞, it follows that −1 − ε / ∈ A(U). For the second statement, according to Remark 2.5 it suffices to prove the inclusion C α ⊂ C −1 , if α ≥ −1. For fixed α ≥ −1 and arbitrary t ≥ s ≥ 0 let us consider
Let u ∈ C α and t ≥ 0. Then
where τ t ∈ [t, t + π) is such that cos 2 (τ t ) = 0. This proves that u ∈ C −1 , and thus C α = C −1 for every α ∈ A(U) = [−1, ∞).
The main results
In this section we give necessary and sufficient conditions for the existence of nonuniform exponential stability of evolution families.
For any fixed t ≥ 0 and u ∈ C(R + , X) we define Φ(t)u :
Obviously Φ(t)u ∈ C(R + , X), therefore the map Φ(t) :
and
Indeed, let t ≥ s ≥ 0 and u ∈ C(R + , X). For τ ≥ t we get
If τ < t, it follows directly that (Φ(t)(Φ(s)u)) (τ ) = (Φ(s)u)(τ ). The above identities imply Φ(t)Φ(s) = Φ(s). The second identity in (4) can be obtained following the same type of computations as before. Setting t = s in (4), we get Φ 2 (t) = Φ(t), that is Φ(t) is a projection of C(R + , X).
Lemma 3.1. For each u ∈ C(R + , X) the following inequality holds:
We present below some characterizations of nonuniform exponential stability in terms of the operator Φ(t).
Theorem 3.2. Let α ∈ A(U). The following conditions are equivalent:
Proof. Clearly (iv) is equivalent to (v) since Φ(t) is a projection on C(R + , X). Implications (iv) ⇒ (iii) ⇒ (ii) are trivial. Assume that (ii) holds. Choose s ≥ 0 and x ∈ X with x = 1, and pick u ∈ C α such that u(s) = x. We have On the other hand, for every ξ ≥ t, taking into account that α < 0, we have
The above estimations imply Φ (t) u α ≤ e −αt u α , u ∈ C α , thus Φ(t) is a bounded linear operator on C α , and eventually (iv) holds. Proposition 3.3. Let p ∈ (0, ∞). If the evolution family U is α-nonuniform exponentially stable, then there exists K > 0 such that
Proof. Let t ≥ 0 and u ∈ Φ(t)C α . According to Theorem 3.2, Lemma 3.1 and Eq.
(
, which concludes the proof.
for all t ≥ t 0 ≥ 0 and u ∈ Φ(t 0 )C α .
Proof. Set W (t, u) = ∞ t ϕ p α (ξ, Φ(t)u)dξ, for t ≥ 0 and u ∈ C α . Eq. (6) is a simple consequence of Proposition 3.3, and Eq. (7) follows from (4).
The following theorem can be considered a generalization of a theorem of Datko [6] for nonuniform exponential stability.
Theorem 3.5. Let α ∈ A(U). If there exist p, K > 0 such that (5) holds, then the evolution family U is nonuniform exponentially stable.
Proof. It is suffices to assume that α ≥ 0. We divide the proof into several steps.
Step 1. We show that there exists a constant N > 0 such that
The arguments in this step closely follow a classical idea of Ichikawa (see Theorem 3.1 in [17] ). At least for a better understanding, we prefer exposing all the details. Step 2. We show that for all non-negative integers n ∈ N,
We prove Eq. (9) by induction on n.
Step 1 proves that it works for n = 0. Assume that (9) holds for some n ∈ N, and let t ≥ ξ ≥ s ≥ 0. According to (9) we have
. Substituting above u by Φ(s)u, and using (4) one has
Now using (10), (5) and (3) we get
, that is estimation (9) holds for n + 1. It follows that (9) holds for all n ∈ N.
Step 3. For any fixed δ ∈ (0, 1), there exists a constant N > 0 such that
Pick δ ∈ (0, 1). When multiplying inequality (9) by δ n then summing over n, one gets
which is equivalent to Step 4. For each fixed δ ∈ (0, 1), the following holds U (t, s) ≤ N M (s)e − δ pN (t−s) , t ≥ s ≥ 0.
Picking x ∈ X, let us define the following map u x (t) = 1 M (t) · x, t ≥ 0.
Estimation (2) readily implies ϕ α (t, u x ) ≤ x , thus u x ∈ C α and from Step 3 the proof is now complete.
Remark 3.6. From the above arguments we deduce that the condition u ∈ Φ(t)C α can be easily replaced by u ∈ F , where F is an arbitrary Banach space of continuous functions u : R + → X, containing the constant ones. The case when F is the space of the constant functions (identified with X) was proved in [17] , but using a quite different method. Moreover, we emphasize that our results cannot be deduced or proved anyway using this source.
Our next result generalizes the conclusion from Theorem 3.3 in [17] .
Corollary 3.7. Let α ∈ A(U). If there exist W : R + × C α → R + and p, K > 0 such that (6)- (7) hold, then U is nonuniform exponentially stable.
Proof. According to (6) and (7), since W (t, u) ≥ 0 for all u ∈ C α , we get t t0 ϕ p α (ξ, u)dξ = W (t 0 , u) − W (t, u) ≤ W (t 0 , u) ≤ Kϕ p α (t 0 , u), for all t ≥ t 0 ≥ 0 and u ∈ Φ(t 0 )C α . Letting above t → ∞ and using Theorem 3.5, we conclude that U is nonuniform exponentially stable.
